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In the conformal field theory (CFT) approach to the quantum Hall effect, the multielectron wave functions
are expressed as correlation functions in certain rational CFTs. While this approach has led to a well-
understood description of the fractionally charged quasihole excitations, the quasielectrons have turned out to
be much harder to handle. In particular, forming quasielectron states requires nonlocal operators, in sharp
contrast to quasiholes that can be created by local chiral vertex operators. In both cases, the operators are
strongly constrained by general requirements of symmetry, braiding, and fusion. Here we construct a quasi-
electron operator satisfying these demands and show that it reproduces known good quasiparticle wave func-
tions, as well as predicts additional ones. In particular, we propose explicit wave functions for quasielectron
excitations of the Moore-Read Pfaffian state. Further, this operator allows us to explicitly express the compos-
ite fermion wave functions in the positive Jain series in hierarchical form, thus settling a long-time controversy.
We also critically discuss the status of the fractional statistics of quasiparticles in the Abelian hierarchical
quantum Hall states and argue that our construction of localized quasielectron states sheds new light on their
statistics. At the technical level we introduce a generalized normal ordering that allows us to “fuse” an electron
operator with the inverse of an hole operator and also an alternative approach to the background charge needed
to neutralize CFT correlators. As a result we get a fully holomorphic CFT representation of a large set of

quantum Hall wave functions.
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I. INTRODUCTION

Ever since Laughlin presented his famous wave function
describing the v=1/m quantum Hall (QH) states,' the con-
struction of trial many-body wave functions has been an im-
portant tool to study the properties of the many exotic,
strongly correlated states in the QH system.>3 In a series of
recent papers, it was shown how to use conformal field
theory (CFT) to construct a large class of wave functions
describing a subset of the hierarchical QH ground states as
well as their quasiparticle excitations.*> Included in this
class are the Laughlin wave functions, the wave functions in
the positive Jain series v=2n/(2pn+1), and candidate wave
functions for the observed states at v=4/11 and 6/17.°

The general idea of the CFT construction of QH wave
functions is to represent the particles (electrons and quasi-
holes) of the theory by holomorphic vertex operators in a
rational CFT, V ~ ¢'2i%%, where the (pj’s are compact, mass-
less scalar fields. Candidate many-body wave functions of
the corresponding QH state are then expressed as correlators,
or conformal blocks, of these operators. Depending on the
state in question, the wave functions either take the form of a
single correlator or as an antisymmetrized sum over several
conformal blocks. The Laughlin states and Moore-Read
(MR) Pfaffian’> are examples of the former while general
states in the Abelian hierarchy fall into the latter class for the
following reason: our construction® for the level n hierarchy
states involves n different representations of the electron,
V(z),a=1,...,n, involving n compact scalar fields ¢,(z),
with z denoting the position of the particle (we use complex
coordinates z=x+iy, etc.); in the simplest case, that of the
Jain series, V, can be thought of as a describing a particle in
the nth composite fermion (CF) Landau level. The sum over
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correlators was thus necessary to antisymmetrize the wave
functions among the different representations V,. Corre-
spondingly, there are n independent quasihole operators
H (%), describing quasiholes at positions 7. Candidate wave
functions for the ground states at all levels of the hierarchy
were thus expressed as linear combinations of conformal
blocks containing electron operators V,, only; quasihole ex-
citations localized at some points 7; are obtained by inserting
II,H,(7,) in the correlators. In the Laughlin case our expres-
sions coincided with the original proposals by Fubini,’
Moore and Read,? and Wen.®

Although experimentally, QH quasiholes and quasielec-
trons play a very similar and equally important role, the CFT
description of the quasielectron required a rather different
approach from that of the holes. The reason for this can be
intuitively understood as follows: a quasihole, which corre-
sponds to a charge deficit, can be created at an arbitrary
position 7 just by pushing the incompressible electron liquid
away from this point. Mathematically this is achieved by
inserting the local operator H(7). The creation of a quasi-
electron amounts to “pulling in” the electron liquid toward
the quasielectron position, 7,” but this cannot in general be
done, since there is a finite probability that there is already
an electron at this position. This conflict with the exclusion
principle is mathematically manifested in singularities in the
electron wave function. More precisely, inserting the inverse
of the hole operator H™'(7), which does have the correct
charge, results in pole terms ~1/(z;— %), where z; is an elec-
tron position. The way out of this quandary, which was de-
scribed in Ref. 4, is to create the fractional excess charge
corresponding to a quasielectron by shrinking the correlation
hole around one of the electrons. This amounts to replacing
one of the elecron operators V, with a modifed electron op-
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erator, P,, which turns out to be very closely related to the
new electron operator V,,,; which appears at the next level in
the hierarchy. In this way we could construct quasielectrons
in any angular momentum state and from these it was pos-
sible to, by hand, form coherent superpositions describing
localized quasielectrons.

This asymmetry in the description of localized quasiholes
versus quasielectrons is somewhat unsatisfactory; an obvious
question to ask is whether there exists an operator P(7)
which, when inserted into a correlator of V,’s, directly cre-
ates a quasielectron localized at 7. In our previous work, it
was not clear whether or not this could be done. Although,
for the reasons given above, such an operator could not be
strictly local, it could still be “quasilocal,” i.e., the nonlocal-
ity is seen only at the magnetic length scale. To clear this out
is important; as explained by Moore and Read in Ref. 2, we
would, on general grounds, expect quasielectrons to enter the
theory in a way very similar to quasiholes. In particular, we
would expect the charge and statistics of the quasielectrons
to be coded in the properties of this operator, and this could
allow for a better understanding of their braiding phases, and
thus their quantum statistics.

In this paper we shall explicitly construct such a quasilo-
cal operator, P(7), and show that it has all the general prop-
erties expected for a quasielectron operator. We demonstrate
that it can be used to explicitly construct many-quasielectron
wave functions of both Abelian and non-Abelian states. In
particular, we present explicit two- and four-quasielectron
wave functions for the Moore-Read Pfaffian state.

The construction of the operator P involves two important
technical developments. The first concerns the treatment of
the background charge needed to neutralize CFT correlators.
Our method allows us to directly extract the nonholomorphic
Gaussian factors, thus leaving us with purely holomorphic
wave functions. The second is related to the precise math-
ematical meaning of “shrinking the correlation hole around
an electron operator.” As described above, this amounts to
forming a new local operator by “fusing” an electron opera-
tor with the inverse of a quasihole. This is achieved by a
generalized normal ordering (::),,, which in the simplest
case amounts to the conventional normal ordering'® but in
general differs from it.

There is a long-standing controversy about whether the
CF wave functions proposed by Jain'! fit into the original
hierarchy scheme of Halperin'?> and Haldane.'> At a superfi-
cial level, the two approaches are quite different. The CF
scheme predicts explicit wave functions which compare well
with numerical simulations and the CF phenomenology has
been very successful in explaining a wide range of experi-
mental data. The hierarchy wave functions, which are ex-
pressed as rather complicated multiple integrals, are much
harder to deal with and the phenomenology is much less
developed. On the other hand, the newly discovered states
that do not fall into the Jain sequences, fit naturally into the
hierarchy schemes but are much less straightforward to un-
derstand in terms of composite fermions. Also, in a recent
work, Bergholtz and Karlhede'* proved that when defined on
a thin torus or cylinder, the Jain states are precisely conden-
sates of quasiparticles. Using the formalism developed in this
paper, we can explicitly write the full wave functions in the
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positive Jain series in hierarchical form, i.e., as integrals over
multiquasielectron states with appropriately chosen pseudo-
wave functions. In our opinion, this shows that the CF states
are hierarchical in nature.

The paper is organized as follows. In order to settle nota-
tion, and to record some formulas that will be important in
the following, we start the next section by summarizing
some results from Refs. 4 and 5, on the CFT approach to the
hierarchical wave functions. This is followed, in Sec. II B, by
an outline of a method for handling a homogeneous back-
ground charge that will prove to be very useful; some tech-
nical details of this discussion are referred to Appendix A.
This sets the stage for introducing our construction of a
quasilocal quasielectron operator in Sec. III and in order to
minimize technicalities we first do this in the simplest case
of a single quasielectron in a Laughlin state. Section IV be-
gins with a general discussion of the status of fractional sta-
tistics for quasiparticles in the hierarchical quantum Hall
states. Then, specializing again to the Laughlin states, we
point out the difficulties encountered when naively extending
the methods of the previous section to the case of many
quasielectrons and explain how to proceed. An explicit ex-
ample, that of the two-quasielectron wave function, is
worked out in some detail in Appendix B. In Sec. V, which is
of a more technical nature and not necessary for understand-
ing the rest of the paper, we introduce the generalized normal
ordering mentioned above and give a definition of the opera-
tor P which is appropriate for the more general class of
hierarchy states constructed in Ref. 4. The explicit hierarchi-
cal form of the Jain wave functions is derived in Sec. VI.
Finally, Sec. VII discusses the Moore-Read Pfaffian state;
here, it is shown how to write down quasilocal quasielectron
operators in direct analogy to the Abelian case and how this
leads to explicit two- and four-quasielectron wave functions.
We end the paper with some conclusions and a discussion of
future directions. A short summary of some of the results of
this paper was recently given in Ref. 15.

II. CFT REPRESENTATION OF QUANTUM HALL
WAVE FUNCTIONS

In order to make this paper reasonably self-contained, we
start by summarizing the formalism used in the CFT descrip-
tion of QH wave functions, as well as recording some for-
mulas that will be used later. In Sec. II B, we discuss an
important technical issue, namely, how to introduce a back-
ground charge in the CFT correlators in a consistent manner.

A. Operators, currents, and correlators

As mentioned in the introduction, it has been shown that a
large class of quantum Hall wave functions may be ex-
pressed as correlators, or conformal blocks, in certain CFTs.
In order to review the basic formalism, we start with the
simplest case, namely, the Laughlin states at v=1/m
=1/(2p+1). In this case there are two normal-ordered vertex
operators representing the electron and quasihole, respec-
tively,

Vi(2) = e, (1)
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H(z) = 100, 2)

and as we shall see in a moment, the wave functions for the
ground state and quasihole states can be written as correla-
tion functions of these. (The normal ordering symbol : : will
be suppressed in the following. For simplicity we will also
drop the subscripts on fields and vertex operators for the
Laughlin states as long as there are no ambiguities.) Here, ¢
is (the holomorphic part of) a free massless boson field, com-
pactified on a radius R=1\m and defined by the Euclidean
action

1
Slel= f d2x£=8— f d*xd,p" @ (3)
ar

with d?x=dxdy=3d’z. The action is normalized to imply the
(holomorphic) two point function {@(z)e(w))==In(z—w).
The vertex operators satisfy the operator product expansion
(OPE)

119D i) — (7 _ yyyabeilatb)e(w) 4

a+b
X (Z _ W)ab+lo7wei(a+b)go(w) + O(Z _ W)ab+2.
4)

Here and in the following, d denotes a holomorphic deriva-
tive while 4 is used for antiholomorphic derivatives. Using
standard methods,'® one can explicitly calculate the relevant
correlation functions. In particular, the ground state Laughlin
wave functions at v=1/m are given by

= H (Z' -z .)'718_21‘('11"2/4(2)
v J ’
i<j

N
\Pl/m({zi}) = H V(Zi)obg
i=1

(5)

where O, is a neutralizing background charge to be dis-
cussed in more detail below. Similarly, quasihole states are
constructed by insertions of the hole operator H( 7).

The (holomorphic) U(1) charge density current, J(z)
==0d¢(z), and the corresponding charge operator, Q

=—=:-6dzd¢(z), are normalized so that the electron opera-

\m 2

tors [Eq. (1)] have unit charge, as can be seen from the
commutator [ @, V(z)]=V(z); similarly, the charge of the hole
operator is 1/m. This U(1) charge is related to the actual
electric charge of electrons and quasiparticles, as described
in detail in Ref. 4. Translational invariance of the action [Eq.
(3)] implies that only charge neutral correlators are nonvan-
ishing, which is why the neutralizing background charge
mentioned above is needed. However, there are additional
contraints on the correlators, in particular, a correlator in-
volving the divergence of the current has to satisfy the Ward
identity:'0

‘_9w<‘](w)(b1(zl) e q)n(zn)>
ST CACREDICICHRRE NEM)E

where the ®,’s are arbitrary fields with charges g;. Thus, we
find that d,J/(w) has support only at the points where a
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charged field is inserted. We shall make use of this in Sec.
III, where we use the Ward identity to construct a quasilocal
operator that has support only at the positions of the elec-
trons.

The vertex operators introduced above are primary fields
and as discussed by Moore and Read,? the conformal block
given by primary fields, such as Eq. (5), yields a “represen-
tative” wave function for the QH state in question. In the
simplest cases, these are the actual ground states for ideal-
ized (singular) Hamiltonians but in general they are not
known to correspond to any potential. The importance of the
representative wave functions lies instead in their topological
properties and in the assumption that they are “adiabatically”
connected to the correct ground state. This raises the ques-
tion of how to modify the representative wave functions
without destroying their good topological properties. To an-
swer this, Moore and Read first pointed out that to each
primary field there is a “conformal tower” of descendant
fields, which have the same charge and the same braiding
statistics. They then conjectured that the actual wave func-
tion, for a realistic potential admitting a QH liquid ground
state, would lie in the space spanned by correlators of fields
in such conformal towers and thus has the same topological
properties as the representative wave function obtained from
the primary fields only. The descendants of a primary field
are obtained from the OPE of this field with the energy-
momentum tensor, which for the scalar fields considered so
far is given by T(z :%:[i d¢(z)]*:. In general, descendants
can be expressed as derivatives of the primary field V(z). In
the present paper, we will only be concerned with the sim-
plest case, namely, first descendants; the first descendant of
an arbitrary primary field ® is simply a holomorphic deriva-
tive,

(L ®)(2) = ﬁjﬂ dwT(w)®P(z) = 9. P(2). (6)

One should, however, note that replacing a primary (elec-
tron) operator with a descendant will also change the angular
momentum. Thus to construct a set of trial wave functions at
a fixed L, we must restore the angular momentum, e.g., by
multiplying with Z, =2z, to the appropriate power. Another,
more physical, approach is to create local particle-hole pairs
using the operators H(7) and P(7). The precise relationship
between these approaches remains to be clarified and one
should also understand how they relate to the methods de-
veloped using composite fermions.'®

Descendant fields are not only important for constructing
improved wave functions but they are, in general, also
needed to get a representative wave function in the first
place. In order to illustrate this point and show how to go
beyond the Laughlin states, we end this Sec. II A with an
example from the next level in the hierarchy. The simplest
state at the second level is the v=2/5 composite fermion
state in the positive Jain series. Describing the state requires
two independent electron operators,4 which, in a suitable
basis,!” may be expressed as
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Vi(g) =301,

Vy(z) = af/z — 90231 (2+5iINTS)ey(2) (7)

Here, ¢, is an additional, independent bosonic field, de-
scribed by the same action [Eq. (3)] as ¢,. In the following,

primary fields are denoted by Vj while the V;’s denote elec-
tron operators and are in general descendent fields. The v
=2/5 ground state is given by*

NI2 N2

Vys=A\ [T vi)]1 Va(2)Oyg | (®)

i=1 i=1

where A denotes antisymmetrization over the electron coor-
dinates {z;}. In other words, the ground state is not just a
single conformal block as in the Laughlin case but rather an
antisymmetrized sum over correlators involving two differ-
ent representations of the electron. In analogy to the compos-
ite fermion picture, these two representations can be thought
of as corresponding to composite fermions in the first and
second CF Landau levels, respectively. Since our formula-
tion is entirely within the lowest Landau level, what distin-
guishes the two operators V; and V, is the presence of the
derivative, which is naturally interpreted as giving the par-
ticle an extra “orbital” spin. This is in turn reflected in a shift
in the relation between flux and particle number when tran-
scribing the wave function Eq. (8) to the sphere.

There are also two independent hole operators, deter-
mined for instance by the conditions,'”® (V,(z2)Hg(7))
~ (Z - 7’) 5aﬁ ’

H(p)= e(i/ﬁ)wl(r/)—(Zi/\fl_Shpz(7/) ,

Hy(7) = ei(S/\s’E)(Pz(n), (9)

and quasihole states are obtained by inserting these in the
correlator [Eq. (8)]. Less dense QH states at level 2 are ob-
tained by modifying the coefficient of ¢, (in such a way that

V, remains fermionic). For example, choosing f/z(z)
=2i3)e1@+(1iN33)e2@)  one obtains a candidate wave func-
tion for ¥=4/11.5 In general, at level n of the hierarchy the
ground-state wave functions are constructed from n different
electron operators, containing n bosonic fields, and with one
additional derivative per level. In this way, one can construct
explicit wave functions for all hierarchical states correspond-
ing to condensates of quasielectrons; explicit expressions for
these wave functions are given in Ref. 5.

B. Background charge

We now discuss a somewhat subtle, yet important, tech-
nical question, namely, that of the background charge O,.
The need for such a background charge is most easily under-
stood in the Coulomb-gas formalism where the vertex opera-
tors are fields that carry charge with respect to (in general
several) U(1) groups and the background is needed for the
total system to be neutral and thus to satisfy Gauss’ law. In
open systems, such as a QH droplet with an edge, one can
place a single large charge at a very large distance, Z, from
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the other particles and then extract the correlation functions
by carefully taking the limit Z— o.!%20 At a technical level,
the disadvantage of this method is that it cannot be used in
finite geometries, such as the torus, or for open geometries
different from the circular disk.

A physically more appealing scheme, that also generalizes
to other geometries, is due to Moore and Read’> who pro-
posed to use a continuous background charge distribution.
For the simplest case of the Laughlin state, this is obtained
by using

Obg _ e—i\%pm J'dzxqo(z)’ (10)

where p,,=p,/m and py=eB/2m=1/2m€? is the density of a
filled Landau level. The generalization to higher hierarchy
levels involves several bosonic fields and is straightforward.
This choice has the additional advantage of producing the
correct Gaussian factor? (see below), so the correlators in
fact give the full lowest Landau level wave functions.

Using the background charge [Eq. (10)], however, in-
volves some technical problems. A naive calculation will re-
sult in integrals of the form [d’z In(z—z,), which is not prop-
erly defined. There are several ways out of this quandary.
The simplest is to consider correlators of full, as opposed to
holomorphic, vertex operators, and at the same time use the
full field ¢(z,z) in Eq. (10). Then the relevant integrals in the
correlators are of the form [d?z In|z—z,|, which are well de-
fined up to boundary terms. This approach has allowed us to
construct hierarchical states on a torus but the procedure for
extracting the wave functions is less straightforward.?!

A second, purely holomorphic, approach was introduced
in Ref. 4, where we replaced the continuous background
charge with a regular lattice, z;=(n,+iny)a, of K=kN
charges, each of magnitude —m/k. The lattice spacing, a, is
related to the magnetic length by a?/€>=27m/k, so the limit
k— o0 corresponds to taking the lattice spacing to zero. In
Appendix A 2 we outline an extension of this method that
allows for calculation of correlators involving insertions of
the U(1) current and the energy-momentum tensor.

We shall now introduce yet another way to treat the ho-
mogenous background charge which will prove to be very
convenient in the following. The basic idea is to notice that
the exponent of Eq. (10) is linear in ¢ and thus can be in-
cluded as part of the quadratic action by a field-independent
shift. This method has the advantage of using only con-
tinuum fields and will also provide a rigorous setting for the
construction of the quasielectron operator in the next section.
The following discussion will be entirely in the context of
the v=1/m Laughlin states but the generalization to the hi-
erarchical states is straightforward. The ideas we present
here are presumably well known to experts in CFTc but have
to our knowledge not been used in the context of QH
physics.?

Let us introduce the shifted field ¢(z,z) = ¢(z,z)—impzz
and rewrite the full bosonic action according to
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2 1 2 .
-Sle]— | dx| —oVe—-ipe
8

[ (L3 L)

= x| — =T,

2t ORI
=-S[o]+ dxgwp 7z, (11)

where we neglected possible boundary terms. The currents
and vertex operators are recast accordingly as

V(z,2) = ¢! meC) = o mBD g=mprl = (7= impiel”

i i ., . Tmp_
J(2)= =0 ¢(z.2) == 08(z,2) - =2=J,(2) + Jp,.
\m \m

\m
(12)

From the first line in Eq. (12), noting that wpy%z 1/2€2, we
see that the exponential factors needed for the QH wave
functions are manifest. The second line in fact shows how
the U(1) neutrality condition is implemented, in that the cur-
rent is decomposed into a piece J, due to the pointlike par-
ticles, and a piece J;,, coming from the background charge.
The total charge is obtained by integrating along a contour
enclosing the QH droplet,

1L

~om dzde(z)=Q-N, (13)
\

Q=
where we used p/ Vm= po/m=N/A with N the total number
of electrons and A the area of the droplet. Thus the original
charge neutrality condition Q=0 now becomes

O=N. (14)

This argument might seem too simple minded since we have
been very cavalier about boundary terms and one might also
reasonably ask precisely how the charge neutrality is imple-
mented in the new variables. In Appendix A 1 we present a
Hamiltonian analysis, which does not make any assumptions
about the boundary and which explicitly demonstrates how
the U(1) symmetry is implemented on the quantum states.
There we also show that the shift [Eq. (12)] can be imple-
mented at the level of holomorphic vertex operators by

V(z) = ei\%qo(z) — f}(z)e—(lzlz/él(fz). (15)

Relation (15) will be used in the next section. This way of
incorporating the background charge in the action is com-
pletely consistent with the previously introduced method of
regularizing the background charge by introducing a lattice
of fluxtubes. The latter is elaborated in Appendix A 2 and the
reader may convince herself that both approaches yield the
same wave functions.

III. QUASIELECTRON OPERATOR P(7)

With the preliminaries in place, we are ready to address
the central issue of this paper—how to construct an operator
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that directly creates a quasielectron localized at a specific
point 7. In order to present the basic ideas of our construc-
tion in the simplest possible way, we will first discuss the
Laughlin states. The generalization to the hierarchical states
involves several technicalities and will be deferred to Sec. V.
In order to motivate our construction, we start by discussing
the qualitative physical picture, before putting it into a for-
mal language. First, recall the case of quasiholes. As men-
tioned in Sec. II, the one-quasihole wave function can be
constructed by inserting a local quasihole operator, H(7)
=MD into the correlator [Eq. (5)],

Wz zy) = (H(pV(z) o V(zn) Opg) (16)

=

2\ |2
= (77— ZJ)’\PL(ZI ‘e ZN)e_(1/4m€ )7 X

J

]
—_

(17)

A naive guess for constructing trial wave functions for
quasielectrons would be to insert the inverse operator,
H™!'(7), into the correlator. This operator has the correct
charge and conformal dimension—but it does not yield ap-
propriate fermionic wave functions, as the correlator includes
singular factors, such as II;(—z;)~'. The origin of the singu-
larities is the Pauli principle, which makes it impossible to
create the excess charge at an arbitrary point, as there is a
finite probability that there is already an electron at this po-
sition.

However, there is a well-defined procedure to generate a
localized excess charge, namely, by shrinking the correlation
hole around one of the electrons, thus allowing the electron
liquid to become denser. Shrinking the correlation hole can
be thought of as attaching an antivortex and it creates the
expected excess charge, i As discussed in Ref. 4, this con-
struction naturally leads to wave functions of quasielectrons
in good angular momentum states. However, the excess
charge can be located at an arbitrary position 7 by building
linear combinations of attaching the antivortex at different
electrons, weighted with a Gaussian weight. In doing this,
we have to be careful not to introduce an unwanted antiho-
lomorphic dependence on the electron coordinates w. To pro-
ceed, we write |w—n*=|w|*-2w7+|y[*+(wn-wn) and
note that since the term in the parenthesis is purely imagi-
nary, it exponentiates to a pure phase. Removing this phase,
we can thus use the remaining terms to localize the excess
charge in a region of the size of a magnetic length € around

. . . VT
the point w= 7 by introducing a factor e~(/4¢ Ywl™+7"=27w)

The constant 1/4m was picked so that e~"#)1H” js the
exponential factor appropriate to a particle with charge
g=—e/m moving in the magnetic field and the remaining
Gaussian term e~ (V4m€* i precisely what is needed to
eventually produce the correct Gaussian factor for the
electrons.

In order to find an operator that performs the desired at-
tachment of the inverse hole, it is useful to recall the Ward
identity (6). The divergence of the conserved charge current
has only support on charged sources, in our case at the elec-
tron and quasihole positions, and it can therefore be used to
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place H™! at the electron positions. However, to obtain well-
defined expressions a regularization procedure is needed. In
the simplest case, i.e., the Laughlin states, this regularization
is nothing but the usual normal ordering. The hierarchical
states at level n>1 require a generalized notion of normal
ordering, which will be discussed in Sec. V. For the Laughlin
states the quasielectron operator can be written in the follow-
ing form:

P() = J e 1O 2 (513 ) (w), (18)

where Jp(w)=$8¢(w) is nonzero only at the electron posi-
tions and does not see the background charge. We will use
the notation P(7) rather than P(7,7) since the 7 depen-
dence in Eq. (18) amounts to a trivial z-independent normal-
ization. (The reason for choosing this convention will be
clear in a later section.) We can now use the Ward identity
(6) to evaluate the correlators (J,(w)V(z;)) to get delta func-
tions, 52(w—z,~), at the electron positions; the w integral in
turn gives terms ~(H~'V),(z;), with normal ordering symbol,
(-++),, defined by

(HV),(2) Egg Lirove),  (9)

where the contour is close enough to z; not to enclose any
other singularities.!? For free fields, the normal ordering [Eq.
(19)] coincides (up to an overall constant) with the normal

That P(7) as defined above is an eigenstate of the total
charge follows directly from the commutator, [Q,H™'(7)]
=—iH‘l(77) while the quasilocal nature of the charge is re-
vealed by studying the commutator with the localized charge
operator

1 1
Q(??;e)=?2—§ dz 9 ¢(2), (20)
Nm 2T J

where the contour is a circle of radius € around 7. We get
[Q(7;€),P(7)] %—#P( 77) up to an exponentially small cor-
rection for e>¢.

Since J,, is expressed in the shifted field @, it is conve-
nient to use relation (12) to express the original vertex op-

erators, V, in terms of the \7’s, with the understanding that the
expectation values are now taken using the action S[ @] [Eq.
(11)] and with the modified charge neutrality condition (14).
In this way we directly calculate the polynomial part,
‘I'Y:;Z)(ﬁ;h' --zy), of the full wave function,

Vi (z e 2a) = (PVle) -+ -+ Vile)) - (21)

with
P(7) = f Pwe VA2 15 ) (w). (22)

Formula (22) and its generalization [Eq. (35)] is one of the
main results of this paper.
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It was shown in Ref. 4 that the CF wave function for a
single quasielectron localized at the origin, in the v=1/m
Laughlin state is given by

WG (=027, 7y)
= Me Pz ) V(z) - - Vigy) Oy}
= SRS (DT O - 2001 T (2= 29
i <k I#i
= S P(= 0V, () e Ve (23)

where the operator P(z) is defined as
P(z) = (H—lv)n(z) — aei(\%—l/\%)w(z). (24)

Thus, inserting the nonlocal operator (%) can be written as
a sum over all electron positions z; of the local operator
P(z;). Multiple insertions will naturally lead to multiple sums
over (different) electron positions. A detailed calculation of
the two-quasielectron wave function can be found in Appen-
dix B. In the earlier construction in Ref. 4, we were to ne-
glect the nonholomorphic terms ~Zz; coming from the deriva-
tive acting on the exponential part of the correlation
function. This prescription was introduced ad hoc in order to
get wave functions in the lowest Landau level. Using instead
the quasielectron operator [Eq. (22)] located at the origin to
evaluate [Eq. (21)], we reproduce the holomorphic part of
Eq. (23) exactly. In particular, the derivatives will act only on
the polynomial part, so we automatically get holomorphic
wave functions without invoking any ad hoc rule. In the
following we shall, unless stated otherwise, use the shifted
fields [Eq. (12)] and for simplicity of notation we shall sup-

press the tildes and write V instead of V.

At this point we should stress a few important points. (1)
The derivative occurring in Eq. (23) is a direct consequence
of fusing the operators H~' and V using the standard normal
ordering prescription defined by Eq. (19), which amounts to
extracting the leading nonsingular term in the OPE. There is
however no a priori reason why we should use this prescrip-
tion. The only formal requirement on the fusion is that the
resulting local operator has the same U(1) charge and the
same conformal dimension as the original composite opera-
tor. The first condition follows from charge conservation and
the second from the composition properties of the (orbital)
spin. The latter has a geometric meaning in that it gives rise
to Berry phases on curved manifolds and, in particular, de-
termines the shift on the sphere which is a topological
invariant.”® In the hierarchical states where there are several
U(1) symmetries, conservation of the charges is needed to
get correct charge, and (mutual) statistics of the quasiparti-
cles. (2) From Eq. (23) we see that the final expression for
the electronic wave function is in terms of correlators involv-

ing primary fields V of the rational CFT and descendants of

the form L" 1‘7; as we shall see below, the same will be true
for the multiquasielectron case. This structure is important
for two reasons. First, it guarantees that the wave functions
are analytic as they should be. The second point relates to the
discussion following Eq. (6)—correlators containing descen-
dants have the same braiding properties as those with the

165330-6



QUANTUM HALL QUASIELECTRON OPERATORS IN...

corresponding primary fields. (3) We do not expect that in-
serting P(7,)P(7,) will describe a state of two localized
quasielectrons since the operator P(z) in Eq. (24) is anyonic,
as can be readily seen from the OPE P(z)P(z))

~ (Zi—zj)(m‘”z/ ™. Below we shall explain how to supply the
phase factors that are needed to obtain well-defined elec-
tronic wave functions.

It turns out that these points are connected and they are all
relevant for finding a P operator that can be used at any level
in the hierarchy. We will return to this, essentially technical,
point later in the paper. Finally, we comment that the scheme
presented here is manifestly in the disk geometry. It would
obviously be of interest to carry out this construction, includ-
ing the background charge, in finite geometries. We have so
far not done this for the sphere; for some recent progress on
the torus, see Ref. 21. In the following section we discuss a
question of principal importance: How do we construct lo-
calized states of several quasielectrons and how do we deter-
mine their statistics?

IV. SEVERAL QUASIPARTICLES AND
ANYON STATISTICS

One of the most interesting aspects of quantum Hall qua-
siparticles is their fractional statistics. While the anyonic sta-
tistics of Laughlin quasiholes is very well understood, the
situation is less clear for quasielectrons in the Laughlin state
as well as for any quasiparticle in a general hierarchy state.
This section is devoted to a discussion of these issues and, in
particular, the statistics of quasielectrons. We begin with a
brief overview of what is known, and what is believed, about
the statistics of the quasiparticles in the Abelian hierarchy
states. We then turn to a more detailed discussion of frac-
tional statistics within the CFT approach and the specific
problems we encounter when seeking to generalize the for-
malism of the previous section to many-quasielectron exci-
tations, both of the Laughlin states and the more general
hierarchical states.

A. Abelian fractional statistics of quantum Hall
hierarchy quasiparticles

We shall here briefly review what is theoretically known
about the statistics of the quasiparticles in the Abelian hier-
archical states and discuss in turn holes in the Laughlin
states, holes in hierarchical states, and finally quasielectron
states.

1. Laughlin quasiholes

The anyonic nature of the Laughlin quasiholes is very
well understood. The original calculation of the pertinent
Berry phase by Arovas et al.>* confirmed the assertions made
earlier by Halperin® based on a specific ansatz for the hier-
archical wave functions and later it was realized that the
fractional statistics could also be encoded in an effective to-
pological low-energy theory of the Chern Simons type.?® The
calculation of the Berry phase assumed that the QH liquid
was incompressible, which in turn was proven by Laughlin
using the plasma analogy.”’ Alternatively, one can directly
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use the plasma analogy to compute the normalization factor
N(7%;,...,7n,) of a state with n widely separated quasiparti-
cles, from which the exchange Berry phase can be extracted.
In both cases, the arguments crucially depend on the plasma
analogy, which is applicable only when the holomorphic part
of the wave function is of Jastrow form. The fractional sta-
tistics of the Laughlin holes has also been verified by nu-
merical simulations on small systems.?2

Here we should make a technical comment that will be
important in the subsequent discussion of the CFT approach.
For the Berry phase to be uniquely defined, the wave func-
tion must be a single-valued function of the adiabatic param-
eters. In the present context, this translates into the condition
that the electronic wave functions must be single-valued
functions of the holomorphic hole coordinates. If the normal-
ization constant of the electronic wave function, for example,
contains a “monodromy” factor (7;—1,)"'", the statistical
phase pertinent to the exchange of the two quasiholes, will
be the sum of ¥ coming from the monodromy, and the Berry
phase.

In addition to the explicit calculations, there is also a very
general gauge argument due to Kivelson and Rocek that ties
the fractional statistics of a Laughlin hole to its fractional
charge.’® It goes as follows: at the center of a Laughlin hole
the electron density is zero and thus we can imagine that it
supports a thin tube of unit flux—in fact this was how
Laughlin originally argued for the existence of a fractionally
charged quasihole. Now imagine transporting another quasi-
hole around the one with a unit flux at the center. Since the
quasihole has charge g=e/m, it will pick up an Aharonov-
Bohm phase equal 277/m. But the system is made up only of
charge —e electrons all moving entirely in the flux free re-
gion, so we can appeal to the Byers-Yang theorem?! to con-
clude that the wave function has to be single valued if the
flux equals an integer number of elementary flux quanta.
Consequently there must be another phase to cancel the frac-
tional part of the Aharonov-Bohm phase and this is precisely
the fractional statistics phase # which is thus equal to 7/m
(the factor of 2 is because a path corresponding to one par-
ticle encircling the other is equivalent to two exchanges).
This means that the essentially nonlocal phenomenon of
fractional statistics is closely related to the local phenom-
enon of fractional charge. The latter is both easier to under-
stand theoretically and simpler to measure in the
laboratory.*

2. Quasiholes in hierarchical states

Unfortunately the Laughlin states are among the very few
where the Berry phases related to quasiparticle exchange can
be calculated analytically without additional assumptions.
The other important class are the Halperin (n,,n,,m) states'?
that describe multilayer systems. In all cases the wave func-
tion is a single product of Jastrow factors, which means that
the powerful plasma analogy may be applied. For states that
are not of this type, the arguments for fractional statistics are
much weaker. In the original hierarchy proposal by Halperin,
the claim was based on the analysis of the hierarchical wave
functions, which however are too complicated to allow for
an explicit calculation of Berry phases. In a later paper Read
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analyzed the statistics of the hierarchical states in a more
precise way but had to make a “orthogonality postulate” that
was made plausible but was not proven.’* Another line of
arguments is based on effective Chern-Simons theories but
unlike the Laughlin case, these cannot be derived from the
microscopic theory. The third line of argument, which we
shall scrutinize more closely below, is based on CFT.

What, if any, are the implications of the Kivelson-Rocek
(KR) argument in this case? First we should note that the
argument is certainly not always applicable. Take for in-
stance the charge g=e/4 quasiholes in the Pfaffian state,
which do not obey the expected m/4 Abelian statistics but
are known to have non-Abelian statistics. The difficulty lies
in the fact that the electron density does not vanish at the
position of the hole, as can be seen from the corresponding
OPE. The same holds for the g=¢/5 quasiholes in the 2/5
state, so we cannot directly use the KR argument. There is,
however, another line of argumentation that strongly sug-
gests that, in the absence of degeneracies, the elementary
quasiholes and quasielectrons do obey pm/5 Abelian frac-
tional statistics for some integer p. First we note that accord-
ing to Laughlin’s original gauge argument one can always
form a hole with charge g=ve by inserting a thin flux line.
For such holes the KR argument holds and we can conclude
that the statistics is Abelian with a phase vr. Alternatively
we note that the Berry phase calculation for the Laughlin
quasihole of Arovas et al.?* is valid for any incompressible
state. Next assume that the Laughlin hole can split into two
or more fundamental holes, in this case two charge g=e/5
elementary holes. Then we can use a general argument, due
to Thouless and Wu, which on the basis of locality suggests
that the statistical phase accumulated when a particle en-
circles a cluster of particles is just the sum of the phases
corresponding to encircling the constituents.>* In CFT lan-
guage this is reflected in the Abelian fusion rules of the un-
derlying U(1) current algebras. The clustering conditions do
not uniquely define the statistical angles but do give the con-
straints 6,,=6,, and 6),+ 6,;=m/5. Using the hole operators
in Eq. (9), and noting that the combination H,H, corresponds
to a Laughlin hole, we find 6,,=6,,=37/5 and 6,,=6,
—2/5, which is consistent with the above conditions.® If
we would further demand that also H{H; and H,H, should
have the same statistics as a Laughlin hole, the solution fol-
lows uniquely from the clustering conditions. In an early
paper, Su used this stronger condition to get #=3m/5 but
without considering the possibility of two nonequivalent
holes.® Although we used the 2/5 state as an example, we
believe that the above types of arguments would also con-
strain the possible statistical angles of the fundamental qua-
siparticles in a general hierarchical state.

3. Quasielectron states

The status of the quasielectrons is less clear, even for the
Laughlin states. First there are two rather different proposals
for the Laughlin quasiparticle. The first is Laughlins original
proposal,

N
Vo if i) =11 @G- DV zy), (29)
i=1

which is closely related to the corresponding Laughlin
quasihole.”” The other is the composite fermion wave func-
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tion (23). In neither case is there any simple argument even
for the fractional charge. (The gauge argument which works
beautifully for the quasihole is not applicable since it yields
a wave function that has components in the second Landau
level and has to be projected.) There is however convincing
numerical evidence for the charge to equal —e/m. The situa-
tion concerning the fractional statistics is less clear. Exten-
sive calculations by Kjgnsberg and Leinaas®® and Jeon et
al.¥’ have shown that the two-quasielectron wave functions
of the Laughlin and Jain type differ substantially in that the
latter exhibits a clearly defined statistical angle for well-
separated quasielectrons while the former does not. It can of
course still be true that the Laughlin quasielectrons have the
expected statistics for much larger separation but that
remains to be shown.

Turning to the hierarchical states, the general arguments
based on Chern-Simons theories or the explicit form of the
hierarchical wave functions, can be made also for quasielec-
trons and are subject to the same type of criticism. It should
be clear that the Kivelson-Rocek argument is not applicable
in this case but by using the Thouless-Wu argument and
comparing a quasihole taken around a quasielectron with that
of a quasihole taken around another quasihole, we can con-
clude that the mutual fractional statistics between quasielec-
trons and quasiholes only differs from that of quasiholes by a
sign. Then by noting that having a quasielectron go around a
quasielectron-quasihole pair is a trivial operation, we con-
clude that the statistics of a quasielectron equals that of a
quasihole with the same charge. So although one should keep
in mind that there is no plasma analogy and thus no conclu-
sive analytical calculation, the arguments for the fractional
statistics of the quasielectrons are nevertheless quite con-
vincing,

B. Quasiparticle statistics in the CFT approach

We now turn to the CFT approach to QH wave functions
and again start, in the first two paragraphs, by discussing the
quasihole states, before addressing quasielectrons in the re-
mainder of this section.

1. Laughlin quasiholes

Before addressing the question of two Laughlin quasielec-
trons, we remind ourselves of the corresponding case of two
quasiholes. The pertinent correlators are of the form

(H(np)H(m)V(zy) -+ V(zy))
~ (= )" Fap(m, 2321+ 2w)s (26)

where V(z) is given by Eq. (1), F;, is an analytic function of
all its arguments, and #=1/m is the fractional statistics pa-
rameter of the quasiholes created by H. Referring back to
Sec. IV A 1, we note that this wave function is not single
valued in the quasihole coordinates, so the statistical phase is
no longer given by the Berry phase only. In this case the full
statistical phase is given by the monodromy of the correlation
function or the conformal block. This in turn implies that the
Berry phase has to be zero, which can easily be explicitly
verified using the plasma analogy.
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2. Quasiholes in hierarchical states

As a concrete example, let us again look at the v=2/5
state which according to Eq. (8) can be expressed as a cor-
relator of two types of electron operators. Quasihole excita-
tions of this state are obtained by inserting a number of the
charge g=e/5 hole operators H, and H, given by Eq. (9). In
parallel with the Laughlin case, there are monodromies (7,
—n,) %8 with 6,,=6,=3/5 and mutual statistics 6,,=6,,=
—2/5, which is consistent with the expected fractional statis-
tics of the quasiholes.*® Here we should comment on that our
trial wave function Eq. (8) is not a single correlator of form
(26) but an antisymmetrized sum of such correlators. Since,
however, the holes have trivial braidings with the electrons,
the monodromies will be the same for all terms in the sum
and are thus well defined for the full wave function Eq. (8).
The same will be true in a general hierarchical state. This,
however, does not constitute a proof of the fractional statis-
tics, since we cannot compute the Berry phase, but simply
have to assume that it is zero, just as in the Laughlin case.
This assumption of having zero Berry phases related to qua-
siparticle exchange when the wave functions are written as
CFT correlators was first tacitly made in the seminal paper
by Moore and Read.”? A heuristic argument for why this
should be true was given in Ref. 39 and an attempt to con-
struct a generalized plasma analogy using the Coulumb gas
formulation of CFT was discussed in Ref. 40. Unfortunately,
none of these arguments can, in our view, be considered as
proofs of a zero exchange Berry phase. Recently Read has
given an analytic argument for the vanishing of the Berry
phases for a class of non-Abelian wave functions that can be
expressed as a single conformal block.*!' Although quite gen-
eral in nature, it is not clear to us whether this kind of argu-
ment can be applied also to the states at higher levels in the
Abelian hierarchy, where the wave functions are sums of
conformal blocks.

It is certainly not true that the Berry phases corresponding
to any choice of the quasihole operators vanish. To under-
stand this, recall that within the CFT framework the frac-
tional statistics is reflected in the OPE of the hole operators,
which is directly related to the monodromies of their confor-
mal blocks. For example, for the Laughlin states we have
H(n)H(1,) ~ (1,—1,)"™ and precisely this factor also en-
ters the full correlation functions involving these operators,
giving the monodromy and thus the statistics. There is how-
ever a large freedom in choosing the quasihole operators
without changing their long-distance physical properties
such as charge and statistics. Taking the v=1/3 Laughlin
state as an example we can, instead of taking H(7)
=¢/®("3 yse one of the following operators:

Hy(n) = G $MN3=iN53x ()

H(7) = eicp(n)/\g—i\fZ_/Sx(n)’ 27)

where y is a new free scalar field with the same normaliza-
tion as ¢. In the two-quasiparticle wave function, this will
correspond to the replacements (7,—17,)"? — (%, - 7,)* and
(9;=m)"3— (79,—1,), respectively, which shows that H, is
a bosonic operator while H; is fermionic. Since this only
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corresponds to an overall rephasing of the electron wave
functions, the physics of the quasiholes is clearly unchanged
and we have just shuffled the statistical phase from the
monodromy to the Berry phase. This freedom in choosing
the monodromies of the quasiholes is well known and was,
in a different language, pointed out in an early paper by
Halperin.!? Also, everything said so far directly generalizes
to holes in arbitrary hierarchical states.

We can now make the conjecture about vanishing Berry
phases more precise: quasihole wave functions that are writ-
ten in terms of conformal blocks of a collection of hole op-
erators H and N electron operators V, have vanishing Berry
phases corresponding to the braiding of the quasiholes for
large N, as long as all fields in the quasihole vertex operators
are also present in the electron operator. In the hierarchy case
where there are several electron operators V, and different
hole operators H,, all fields in the H,’s must occur in at least
one of the V,’s and the number of electrons, N, in all the
groups must be large.

At this point many readers might think that we are stress-
ing some rather obvious points but we shall see that in the
case of quasielectrons things are more complicated than for
the quasiholes. Within our CFT scheme, the choice of hole
operators will no longer be arbitrary and we can in general
not expect to read the statistics from the monodromy. This
will be especially important in the subsequent discussion of
the non-Abelian Moore-Read state.

3. Two quasielectrons and the quasielectron-quasihole pair

All the basic problems related to generalizing the ap-
proach in Sec. III to many-quasielectron states occur already
for the simplest case of two quasielectrons or one
quasielectron-quasihole pair in the Laughlin state. The gen-
eral underlying problem was pointed out already at the end
of Sec. Ill—when we use Eq. (22) to fuse an anyonic inverse
hole operator with an electron, the resulting operator P(z) is
also anyonic and will introduce an unacceptable nonanalytic
behavior in the electron coordinates. To take a specific ex-
ample, the quasielectron counterpart to Eq. (26), using the
operator P [Eq. (22)], becomes

(P(3)P(q)V(z)) -+ V(zw))

~ 2 (= D™¥3,9,(zi = 2) "™ F (1 1321 -+ 20)-

| (28)

As expected, this wave function is not analytic in the elec-
tron coordinates z; and thus does not describe a state in the
lowest Landau level.

At a qualitative level this problem is quite easy to deal
with. Because of the localization implied by Eq. (18), the
sum is dominated by terms where z; and z; are within a
magnetic length away from #; and 7,, respectively. For
widely separated quasiparticles, i.e., |7, —7,|>€, we can
thus make the replacement (z;,~z;) — (7, - 7,), to get a func-
tion which is analytic in the z;’s. Note that the analytic func-
tion F,, contains factors Il;; (z;—z;) which will not be
modified and it is these factors that determine the fractional
charge. Although most likely correct for widely separated
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quasielectrons, this treatment is unsatisfactory for two rea-
sons. First it is hard to estimate the errors involved when 7,
and 7, approach each other. In particular, this means that
such wave functions will not easily accommodate the dense
quasiparticle condensates that are the building blocks of the
hierarchy, as explained in the next section. Second, since the
space of states spanned by the correlators of the operators V,
H, and P is not holomorphic, it means that the operator P
cannot easily be thought of as a quasilocal counterpart to the
local holomorphic vertex operators V and H, and this re-
moves much of the formal appeal of our approach.

The difficulties related to the factor (z;—z;)""" on the right
hand side of Eq. (28) were discussed already in Ref. 4 and
two alternative approaches were proposed. The first was to
introduce by hand a suitable factor (z;—z;)""%" in the wave
function. This is not appropriate here since it would amount
to replacing the product P(7,)P(7,) by a new, essentially
nonlocal, operator that directly creates two quasielectrons.
The other approach was to change the inverse hole operator
H~! to become bosonic or alternatively fermionic so that the
resulting P operator becomes fermionic or bosonic,
respectively.

It should now be clear how to proceed; the latter approach
simply amounts to using the operators H,, and H, in Eq. (27),
respectively, in the expression for P. One should however
note that, as opposed to the case of quasiholes, this modifi-
cation of the operator does not result in a mere rephasing of
the electronic wave functions. For instance, using H,, the
factor (z;—z;)'" in Eq. (28) is replaced by the holomorphic
factor (zi—zj)2 which amounts to changing both the phase
and modulus of the wave function. In Appendix B we present
an explicit calculation of the two-quasielectron wave func-
tion in this basis, along with further technical details.

Using a bosonic or fermionic form of the inverse hole
operator in P, the resulting wave functions will be holomor-
phic in the quasielectron coordinates, so the fractional statis-
tics will reside entirely in the Berry phase. Remember that in
the case of quasiholes, the fractional statistics could be read
off directly from the monodromies of the anyonic operators
while introducing the auxiliary fields yielded wave functions
that were holomorphic in the quasihole coordinates with the
statistics “hidden” in the Berry phase. We now propose that
the same is true for the quasielectrons, i.e., that their frac-
tional statistics can be obtained directly from the monodro-
mies of the anyonic operators, H-!, which do not contain the
extra bosonic field y. This amounts to a rather natural exten-
sion of the corresponding assumption about vanishing Berry
phases in the case of quasiholes. A note of caution is needed
here. Since changing the monodromies of the quasielectrons
is not merely a rephasing of the wave function but changes
the correlations between the electrons, using different repre-
sentations leads to slightly different charge profiles. This is
only a short distance effect; large distance properties, such as
charge and statistics, should be insensitive to this. We should
also mention that in Ref. 4 we presented a calculation of the
Berry phase of two Laughlin quasielectrons using a random
phase approximation but it is not clear how to extend this to
higher levels in the hierarchy.

Note that changing the statistics of the inverse quasihole
is done with help of an uncharged (in terms of electric
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charge) bosonic field and, in particular, there is no homoge-
neous background charge that has a screening effect on this
additional field. In order to properly define the correlators,
we must introduce a compensating charge also for the field
x. Formally we can do this by again putting a continuous
background charge but this is quite unnatural from the phys-
ics point of view and it is also formally unsatisfactory in that
it gives the wrong exponential factors in the wave functions.
Alternatively, we can neutralize the correlator by putting a
compensating charge at a large distance and take the appro-
priate limit as explained for instance in Ref. 19. Neither ap-
proach is fully satisfactory, although the latter one complies
more with the physical picture of creating a quasielectron
together with a compensating quasihole or a charged edge
excitation. In particular, if we want to view the background
charge to be fixed by the ground state, then it should be kept
unchanged for the few-quasiparticle case.*?

The most natural way to achieve charge neutrality is to
directly consider quasielectron-quasihole pairs. Using the
original, anyonic, hole operators we have,

(P(7)H(m)V(z)) -+ V(zn)

~ E (= '3z = 9) " "F (31, 2321 2a), (29)

which is again not analytic in the electron coordinates, due to
the prefactor (F,, is analytic in {z;}). This problem can be
resolved using the same ideas as in the above case of two
quasielectrons. Either we can by hand make the approxima-
tion (z;,— 7,)"%" = (1, = 7,)~?™ or we modify the hole opera-

tor according to
H=c13er _, Hy= ol (1\3) e =i(216)x (30)

and at the same time use the fermionic inverse hole in the
quasielectron operator. In this case we create a quasihole-
quasielectron pair which does not violate the charge neutral-
ity condition of the correlator. In order to neutralize the cor-
relator, we could equally well have used a bosonic form of
the quasihole. This would however not give an acceptable
wave function since the OPE H,(7)V,(z)~1/(n—z) has a
singular term. In the case of quasielectrons only, or quasi-
holes only, there is however no problem with using the
bosonic representation.

In summary, we believe that the CFT approach to QH
wave functions has given strong support to the assignment of
fractional statistics that was made earlier on the basis of ef-
fective CS theories, reasoning based on hierarchical ansétze,
and on general topological arguments. We also suggest that
our CFT approach to quasielectrons, based on quasilocal op-
erators, provide arguments for the fractional statistics of the
quasielectrons which are at the same level of rigor as those
for the elementary quasiholes in the hierarchy states.

V. QUASIELECTRON OPERATOR P
AND THE HIERARCHY

As explained in Sec. II, states at level n in the hierarchy
are constructed using n electron operators and involve corr-
elators of n scalar fields. Since there are also n inequivalent

165330-10



QUANTUM HALL QUASIELECTRON OPERATORS IN...

hole operators H;, there are n’ different candidates for the
quasielectron operator [Eq. (18)] but, as we shall see, only n
of these are nonvanishing. Furthermore, in the important
case of the Jain states, only one of these n operators gives a
nonzero result when inserted into antisymmetrized correla-
tors of electron fields. A heuristic argument for this can be
given in the language of composite fermions:* in hierarchical
states that are formed from a number of filled “effective Lan-
dau levels” of composite fermions, the only way to form a
quasielectron excitation is to put a composite fermion in an
unfilled level. In the language of CFT, this amounts to using
H,, which creates a hole in the highest effective Landau level
(defined by the electron operator with the largest number of
derivatives or highest orbital spin), in the construction of P.

Even after having specified which H; to use in the con-
struction, we cannot directly use formula (18) to obtain P. As
we shall see, the difficulty has to do with the use of the
normal-ordered product defined in Eq. (19) and the reso-
Iution lies in substituting this with a “generalized normal
ordering procedure.” This section is technical in nature and
can be omitted by any reader who is willing to accept that
one can consistently define a product with the property [Eq.
(38)]. We now proceed to prove this, starting from the sim-
plest case of the v=2/5 Jain state.

A. v=2/5 state

The v=2/5 Jain state is at the second level in the hierar-
chy and we refer back to Sec. II for the definition of the

operators V; and V2=&\>2 (where V| and \72 are primary
fields), and the hole operators, H; and H,. Following the
logic of the previous section, we now form a bosonic version
of the operator H, by H,,=H,e7!+3>¢3 and then insert one
or more of the corresponding P(7) operators in a correlator
containing an equal number of V; and V, operators. Before
carrying out the w integrals from the /P operators, we notice
that the derivatives d; in the V,(z;) operators can all be taken
out front, to leave us with a correlator involving the primary

fields H,;, Vi, and ‘72. The terms surviving the normal order-
ing [Eq. (19)] will involve the following structures:

( ]_rzg ‘}2)(1) =@ e-(3i/ﬁ5)¢2(z)+(7i/ ¢§)¢3(z)) 6(25/\5)(91 (z)+(51/\s‘E)¢p2(z)’

31)

(ffz,ﬁ f/l )(z) = B 3)e1(2)=Bi15) @y (2)+(7i/35) ¢3(2) . (32)

as is shown by identifying terms ~(z—w)® in the OPE [Eq.
(4)]. Note that the first line cannot be written as a total de-
rivative of a vertex operator and is thus not the first descen-
dant of any primary field in the theory. This is a technical
observation but it has consequences for the resulting wave
functions. Recalling the discussion following Eq. (6), we
know that there are general arguments why it is desirable to
construct wave functions from primary fields and their de-
scendants only. Moreover, recall that by introducing the
bosonic representation for the quasielectrons, all operators in
our theory have conformal dimensions such as to ensure that
the correlation functions of primary fields are analytic. This
in turn implies that correlators of descendants of the form
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L, ®=7"® where @ is a primary field, are also analytic. The
way this works is that correlators corresponding to the indi-
vidual bosonic fields are not analytic but give cut singulari-
ties of the form (z,»—zj)“, with a noninteger; these however
combine to integer powers in the final product, e.g., 9/3
+9/15+49/35=5 in Eq. (32). Thus terms of the type [Eq.
(31)], with the derivatives acting on one of the nonanalytic
factors only, will potentially generate pole singularities in the
wave function.

A second difficulty is that we seemingly have two differ-
ent types of quasielectrons, corresponding to the two opera-
tors [Egs. (31) and (32)]. This might not seem like a problem
but it is in conflict with well-established results on the v
=2/5 state. In particular, this state is known to be very well
described by the composite fermion approach, which pre-
dicts only one type of quasielectron; thus one would have
hoped to reproduce those results. As shown in Ref. 4, this is

achieved if only the product (H, V) survives.
It turns out that both these problems can be resolved by a
redefinition of the normal-ordered product [Eq. (19)]. This

will at the same time put (I-FZ; ‘71) equal to zero and convert
the first line in Eq. (31) into a total derivative of a primary
field. We can then show that the same will happen at all
levels in the hierarchy: only one normal-ordered product sur-
vives and the resulting operator is the first descendant (or
holomorphic derivative) of a primary field.

B. Generalized normal ordering

Given the above qualitative arguments against using the
naive normal ordering procedure, let us go on to present a
generalized normal ordering which does not suffer from
these problems. To this end, consider again the OPE,

Loa
Hy,(w)Va(2)
1
(w-2)

o 2i13) @1 +2iNT5) @ +(7i135) 3

29 o) + i 9. 3()
+ | —F=1dp(w)+ =1 p3(w
Jis 2 T 35 T
X o213 e +2iN15) ey +(7i\35)¢3 Ow=z). (33)

As noted in Sec. V A, the standard normal ordering amounts
to extracting the finite second term by the contour integral
[Eq. (19)]. Alternatively, we could choose to extract the first
term, which is a primary field. This has the same U(1) charge
as the composite operator on the left but not the same con-
formal dimension. If we demand that the surviving term of

H;,lf/z should have the same conformal dimension as the
composite operator, we must supplement it with an operator
of dimension 1. The only dimensionful parameters at hand
are the quasielectron position 7 and the magnetic length €.
Thus the only two possibilities are 7/€> and d; since 1/¢
would amount to a nonanalytic dependence on the external
magnetic field B~ €=2. The term proportional to 7 is allowed
but vanishes for a quasielectron at the origin and can in gen-
eral be shown to correspond to an edge term as discussed in
Ref. 4. We are thus left with the derivative operator. We
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cannot, however, just replace H~'(z) by d.H !(z). Instead we
recall that the operator L_; [Eq. (6)] has conformal dimen-
sion one and amounts to a derivative when acting on a pri-
mary field ®(z). These considerations thus lead us to define a
generalized normal ordering by (---),, by

(HV),, () = f dyT(y) 7{ dw H='(w)V (2)
= # dydw T(y)H (w)V (),

’ (34)
where the double contour integral is defined by the y contour
enclosing the w contour. Note that in the Laughlin case, this
is equivalent to the conventional normal ordering used in the
previous section.

With the prescription [Eq. (34)] the quasielectron operator
takes the form

gn (0)

Pl = /dee*(”“’”fz)(l"‘tmw) (H™10.J,)

= /d2w g—(1/4"1€2)(\77‘2_277“7)ﬁ dy'dy T(y')H’l(y) 5wJ(w),
i (35)
which should be compared to Eq. (22). It is now easy to
verify that

1) — 3,2i3) @1 +2iN15) @y +(7il\35) o3
(Hgb VZ) gn (Z) de 5

(Hyp V) gnl(2) = 0. (36)

Equation (36) is exactly the operator which in Ref. 4 was
found to reproduce the composite fermion wave functions.
Thus, inserting one or more of the operators [Eq. (35)] into
the correlator [Eq. (8)] yields well-behaved quasielectron
wave functions of the composite fermion type.

C. General hierarchical states

Let us end this section by outlining how our construction
generalizes to an arbitrary level n of the hierarchy. At the nth
level one has n electron operators V,, a=1,...,n, and cor-
responding hole operators H,. The latter can always be cho-
sen so that the only singular term in the OPE is given by

H, @)V (w) ~ Vear1 (W), (37)

(z—w)2%s

where ‘A/a+1 is essentially (i.e., up to the additional derivative
coming from the normal ordering) the new electron operator
that will occur at the next level in the hierarchy.*> When
computing correlators containing P(7%) and Vs, a pole from
Eq. (37) is necessary for the y integral in Eq. (35) to be
nonzero; thus one gets a contribution only for a=p,

(H;'V5) n(2) = 0V 1 (2) 8, (38)

i.e., the antivortices described by Ifal can only be attached to
the electrons represented by the operator V. The hierarchical
states constructed in Ref. 5 are obtained if at every level n
one forms the quasielectrons using the operator H, I As dis-
cussed in some detail in that paper, there is no a priori reason

PHYSICAL REVIEW B 80, 165330 (2009)

not to consider states formed by condensates involving the
other operators I-Fal with a<<n. For a class of states, includ-
ing the positive Jain series, inserting such operators results in
wave functions which vanish under the antisymmetrization
but we have no reason to believe that this should be true in
general.

VI. EXPLICIT HIERARCHICAL FORM OF COMPOSITE
FERMION WAVE FUNCTIONS

Throughout this paper, we have alternatingly been refer-
ring to the hierarchy picture and Jain’s composite fermion
construction when discussing general filling fractions beyond
the Laughlin states. There has been a long-term
controversy'3* as to whether these two approaches are
equivalent. On the surface, they look rather different: in the
Haldane-Halperin hierarchy picture,'!* any quantum Hall
state can give rise to a sequence of daughter states as suc-
cessive condensates of quasielectrons or quasiholes. The Jain
model, on the other hand, describes many of the observed
states in terms of noninteracting composite fermions moving
in a reduced “effective” magnetic field and filling an integer
number of the corresponding effective Landau levels. The
latter has led to the construction of explicit, highly successful
trial wave functions while in the former the wave functions
are usually given in an implicit form involving multiple in-
tegrals over quasiparticle coordinates. In this section, we
present strong evidence that the two approaches are, indeed,
equivalent. More precisely, we show that, starting from the
v=1/m Laughlin state, the techniques developed in this pa-
per allow for an explicit calculation of the electronic wave
functions describing various quasielectron condensates. In
the simplest cases, this precisely results in Jain’s composite
fermion wave functions at the second level. Higher levels are
not treated explicitly here but the procedure naturally gener-
alizes to the entire positive Jain series.

According to the original proposals, the hierarchical
wave functions at level n+1 are coherent superpositions of
quasiparticle excitations in the level n parent state. For a
condensate of quasielectrons this takes the generic form

12,13

q’n+1(71"'fN)zfdzﬁl"'fdzﬁMq)*(ﬁl"'EM)
XW,(Ry = Ryps 7y ), (39)

where ®(R,-+R,,) is a suitably chosen “pseudowave func-
tion” for the strongly correlated state formed by the
quasielectrons when condensing. As stressed by Halperin,'?
there is a freedom in choosing the statistics of the quasipar-
ticles and this will be reflected in the analytic properties of
the pseudowave function ®.

Using our P operator, we can now give an explicit expres-
sion for the level 1 multiquasielectron wave function in a
Laughlin state,

\p(ﬁl...ﬁM;fl...fN)
=(Pp(71) - Pp( ) V(zy) -+ V(ZN)Ohg>» (40)

where 7=X+iY. The subscript “b” on P, indicates that we
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have used the bosonic form of the quasielectron operator and
thus have to take a fully symmetric pseudowave function ®.

The most natural choice for a symmetric pseudowave
function describing M charge g=—e/m bosons in a magnetic
field is

M
. -» ok —(1/AmESM |2
DR, -+ Ry) = [ (7, - 7 VmOZalnl - (41)

i<j

where we recall that by the conventions of Sec. III, the poly-
nomial part of quasielectron wave functions is holomorphic
in 7. Now, the only % dependence in P(7,) is in the expo-
nential factor e‘<1/4m€2)(\77k\2—277kw), which will turn into

2 2 5=
e~ 1AmEO) =272 after the w integration.** Combined with
the Gaussian factor from Eq. (41), this yields for each pair

(i, ),
8= ) = 12O, (42)

which is nothing but a lowest Landau level delta function.
Since the polynomial part of @, is holomorphic in 7, the
integrand in Eq. (39) is holomorphic in 7, and thus the inte-
grals can be done trivially because of the delta functions [Eq.
42)].

Finally, one has to specify the relation between the num-
ber of electrons, N, and the number of quasielectrons, M.
This must be related to the background charge and follows
from demanding that the resulting state be homogeneous; in
Ref. 5 it was shown how this ratio determines the relative
size of the background charges for the two fields ¢; and ¢,.
For example, taking k=0 corresponds to the densest possible
daughter state and implies N=2M; because of the & func-
tions, the integrals in Eq. (39) can be computed trivially,
giving exactly the 2/5 Jain wave function. The choice k=1
gives the constraint N=3M and a trial wave function for the
state at filling fraction 4/11. We should mention that there is
a freedom in defining the bosonic operators [Eq. (27)]—we
could have chosen a different coefficient of the ¢, field that
would have given a stronger repulsion between the bosons
by providing an extra factor (7;—7%;)* in the wave function.
But this is precisely the factor that is put explicitly in the
pseudowave function ®, so it only amounts to a reshuffling
of Jastrow factors between the pseudowave function ® and
the electron wave function ¥ in Eq. (39). From this is should
also be clear that if we choose a fermionic representation Py
for the quasielectron operator, we must take a fully antisym-
metric pseudowave function, which amounts to having odd
powers of the Jastrow factor in Eq. (41). With this change we
of course obtain similar electronic wave functions as in the
bosonic representation, the only difference being that the de-
rivatives do not act on the Jastrow factors coming from the
pseudowave function.

To summarize, we have shown that the hierarchy wave
functions at level 1, i.e., those that are obtained by condens-
ing quasielectrons on top of a Laughlin state, can be explic-
itly written in hierarchical form (39). That it has taken quite
a while to realize this is presumably because the quasielec-

tron states W, (R, Ry, 7+ ++Fy) that give the Jain states are
different from the ones originally proposed by Laughlin
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while our choice of pseudowave functions in Eq. (39) is
precisely the same as suggested by Halperin. It is the explicit
form of the quasielectron states expressed in terms of corr-
elators involving the quasilocal operator P that allows us to
explicitly carry out the integrals over the quasielectron posi-
tions. It is somewhat surprising that although the quasihole
wave functions are much simpler and have been known for a
long time, the quasihole condensates are much harder to
handle. The resulting integrals are highly nontrivial and pres-
ently we do not know how to evaluate them.

VII. MOORE-READ PFAFFIAN STATE

In the previous sections we have constructed a quasilocal
quasielectron operator for the Abelian hierarchical states.
The concepts and ideas behind the construction are however
very general and can, in particular, be generalized to the
proposed non-Abelian states. Of particular interest among
these is the MR Pfaffian state which is believed to describe
the incompressible state observed at v=5/2. This claim is
based both on extensive numerical calculations® and the re-
cent observation of charge e/4 quasiparticles.*® Theoretically
quite a lot is known about this state. In their original paper,
Moore and Read proposed to construct the ground state and
multiquasihole states using CFT operators and also derived
explicit trial wave functions both for the ground state and the
two-quasihole states.> Most importantly, they pointed out
that states with four, or more, quasiholes should exhibit non-
Abelian fractional statistics. Later Nayak and Wilczek® ex-
plicitly computed the four-quasihole wave functions and
showed that they had the expected monodromies. They also
made some conjectures about the structure of the general
2n-quasihole states and gave an argument for the degeneracy
to be 2! for fixed quasihole positions. Furthermore Greiter
et al.*” showed that the MR wave function is paired and the
exact ground state of a singular three-body interaction. Later
Read and Green developed the analogy between the MR
state and a p-wave superconductor and showed that the
Ising-type topological charge was related to a Majorana fer-
mion localized on the quantized vortices. This analogy was
elaborated further in papers by Ivanov*® and Stern et al.*

Referring back to our previous discussion about fractional
statistics, it should be clear that any conclusions about the
non-Abelian fractional statistics based on the monodromies
of the wave functions depend on an implicit assumption that
the Berry phases vanish. Just as in the case of the hierarchi-
cal states, this conjecture has not been rigorously proven but
strong arguments in favor have recently been given by
Read.*! Additional numerical evidence has been given by
Tserkovnyak and Simon®° and Baraban et al.>!

In contrast to the quasiholes, the quasielectron excitations
of the MR state have not yet been studied, mainly for the
same reasons as for the hierarchical states—contracting
charge in a naive way leads to singularities at the electron
coordinates. In the following we will show how to create
quasielectron excitations in the MR state using an appropri-
ate version of Eq. (35) and we will give explicit expressions
for the two simplest examples, the two- and four-
quasielectron states.
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FIG. 1. (Color online) Density profile of the two-quasielectron
state [Eq. (48)] for a droplet of 16 electrons. The quasielectrons are
separated by a distance of two magnetic lengths.

Before we consider the generalization of Eq. (35), we will
briefly summarize what is known about the ground state and
the quasihole excitations. The MR state and its quasihole
excitations were originally written in terms of correlators of
the operators used in the CFT description of the Ising model.
The electron and hole operators are given by

V(2) = if2)e 290,

H(n) = ol 7])e(i/v‘E)«»(n)’ (43)

where ¢ is the Majorana fermion of the Ising model, o the
corresponding spin field, and ¢ a scalar field related to the
usual U(1) charge. The ground state trial wave function is
obtained by computing the correlator of an even number of
electron operators,

N
H ei\fZGD(z,-) Obg

i=1

N
Vs, = H 90(21')
i=1

1
- Pf( )H (z;— Zj)ze-(1/4ez)zf.\;1|z,.\2’ (44)

< =Rl

where Pf(A) denotes the Pfaffian of an antisymmetric matrix
A, defined by the antisymmetrization over the matrix ele-
ments, Pf(A)=A{A1’2A3’4' : 'AN—l,N}'

The appearance of the spin operator o in the operator
H(7) which creates the charge e/4 quasihole excitations is
crucial since the nontrivial fusion of two spin fields, o X o
=141, is the origin of the conjectured non-Abelian statistics
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of the quasiparticles; it is the presence of two different fusion
channels that allows for a nontrivial degeneracy of the many-
quasihole states.

In the case of only two quasiholes the wave function is
unique; only the correlator where the two o fields fuse to the
identity is nonvanishing,

N

Woun(mi,m) =\ H(n)H( w1l v(z)
i=1

Gi=m)z =)+ <))
- Pf i Ui j 7 J H (Zi _ Zj)2
iz i<j
X e~ WAOZ i =(11166%) (| [P+ ml) (45)

With four quasiholes the situation is different. There are two
possibilities (or “fusion channels”) to fuse the four spin op-
erators to an overall identity operator. These give two distinct
trial wave functions,3® which are exactly degenerate for the
singular three-body interaction referred to above.

The naive way to generalize the quasielectron operator to
the MR state is to take the above-defined operators and insert
them into Eq. (35) with suitably modified 7(z) and dJ(w).
However, this approach has severe problems, basically for
the reasons discussed in Sec. IV—by attaching a non-
Abelian anyon to the electron operators, we introduce unac-
ceptable branch cuts in the electronic wave function. Analo-
gously to the Abelian case, there is a way to “fix” the
problem by hand which yields wave functions that look very
similar to those for quasiholes (cf. the discussion at the be-
ginning of Sec. IV B 3). In particular, there is an explicit
non-Abelian monodromy when two quasielectrons are
braided. We will show later how the quasielectron states can
be obtained in a more consistent and appealing way without
resorting to any ad hoc prescriptions. It is however instruc-
tive to first discuss the simplified approach since it gives
some additional insight into the problems associated with
non-Abelian charges.

We use the same definition of the quasielectron operator
that was introduced for the Abelian hierarchy states, given by

P(7) = f PweHAmOIP2 (TG )y (w)  (46)

with the generalized normal ordering (H™'V) an(2)
=6.dyT(y)$.dwH ' (w)V(z) [for a detailed definition see Eq.
(34)]. Remember that only the ¢ field is charged while ¢ and
o are topological fields. Therefore the charge current can be
written as J(w)=7d,¢(w) and its divergence has support
only at the vertex operators ¢/'>#9_ In analogy to the Abelian
case, we want the generalized normal ordering to give the
first descendant of the operator :H~'V:(z), therefore we have
to choose the energy-momentum tensor to be the sum of the
ones for each CFT, T=T,+T,. The pertinent inverse hole
operator

H! (1) = o) 2260 (47)
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is manifestly an anyonic operator that encodes the non-Abelian structure. In case of multiple insertions of quasielectron
operators we have to specify their fusion channels. Nevertheless, in the case of only two quasielectrons the wave function is

well defined and unique; inserting Eq. (47) into Eq. (35) yields,

N
Wogel 71, 12) = P(7)P()] ] V(z)
i=1

(zi—2(zj—2p) + (i = ))

= > (- 1)*P) 3,9,Pf
a<p i =%

X eNap cosh[ 7(z, — ZB)/16€2]6_(]/4(2)2i‘Zi

where we introduced center of mass and relative coordinates,
Zopg= %(Za"'zﬁ)’ Zap=(24=2p), N= 5(7+7,), and 7=7,— 7.

Figure 1 illustrates the density profile of this state for two
quasielectrons centered around the origin in a circular drop-
let consisting of 16 electrons. Numerical evidence that the
charge of each of the quasielectrons indeed equals —e/4 was
given in Ref. 15.

Note that the computation of the two-quasielectron wave
function for v=5/2 is completely analogous to the hierarchi-
cal states, as two spin fields behave as bosons. This will not
be true any longer in the four-quasielectron case, where the
quasielectrons are manifestly non-Abelian. Still, we can use
the non-Abelian operator to compute the correlator for four
quasielectrons and find

N
WL (1. ... =\ Pa)P(7)P(3) P |1 Viz))
= )
_ E (- 1)0(1) e(?]lza+772zﬁ+773zy+7)4z5)/8€2
1
g~ (A 2 ~(1amS}_ |n,2
x ( Il aa)\vﬁp)u)%(z), (49)
ael

where I={a, B, 7, 8} denotes the set of four (in general not
radially ordered) electrons, to which the inverse holes are
attached, and (~1)°") is the sign obtained by rearranging the
electrons from radial order to the one where the electrons of
set I are permuted to the left. The fusion channel of the
quasielectron pairs at (7;,7;) and (73, 74) is coded in p
=0, 1, where p=0 denotes that both pairs fuse to the identity
while for p=1 each pair fuses to a Majorana fermion . The
bosonic contribution is easily computed,

V(D= [I (a-—2p”* 111 ca-2)" 11 (zi-2)%

a<pfel ael jel i<j
ijel

(50)

2
| b

N
Ga—zp) 1l @-2)* Il Gi-z)(zi-2p)
i<j i=1

iLj#Fa,B i#a,p

(48)

and the Ising part can be computed in the same way as in
Ref. 39 or using the bosonization techniques detailed in for
instance Ref. 52,

V(D) = (20— 297" 2y = 29I T (24— 2)72[(1 = )4

ael jel
+ (= DP(1 =) 721 = 0" P80
+(= D2 =00 58] (51)

where

(z2i—2)(zi = 29)(2;— 2,)(z; = 29) + (i )
. =Pf 1 [22 1 '] % ] ,
Wap(r.9 F—

i,j # a,B,7,0

and x=(z,~2p)(2y=24)/(24=24)(25—2,) is the anharmonic
ratio.

As it stands, Eq. (49) is clearly not an acceptable wave
function because of the branch cuts in the electron coordi-
nates. In analogy with the Abelian hierarchy states, one
would think that this problem could be solved by supple-
menting the hole operator with an auxiliary spin field ¢ that
does not couple to the electrons. As it turns out, the overall
nonanalytic factor can be taken care of by introducing two
auxiliary fields but there is a relative singular factor between
the two independent functions, i, )56 and ¥a s sy, that
we have not been able to eliminate within a representation
based on the Ising operators. Just as discussed in the begin-
ning of Sec. IV B 3, we can however simply replace the elec-
tron coordinates in the non-Abelian factors by the pertinent
quasielectron coordinate. This yields trial wave functions
with a structure that is very similar to the quasihole wave
functions derived in Ref. 39,
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‘I’g;)e = ) el Mt it iy 1t BCL () — 30) (19, = 1,)
I

+ (= DN = ) (= ) T2

X 1T 0N = 173) (2 = D)Wy + (= 17

ael

[
XN = 1) (72 = 73) W58,

x T -1 @-2) o WAEY |2 P~(11166))_ [ ng?
<j i<j
ijel

(52)

Note that the derivatives act on everything on the right ex-
cept the exponential factors and that the last Jastrow factor
includes all electrons in radial ordering. The non-Abelian
braiding properties are manifest in the wave functions, as,
e.g., braiding 7, around 7; will switch between the two fu-
sion channels. In analogy with the quasihole case discussed
above, it is rather natural to conjecture that the non-Abelian
part of the fractional statistics is fully captured by the mono-
dromies of the wave functions [Eq. (52)] and that at most an
Abelian phase factor is contributed by the Berry matrix.
However, the replacement of the non-Abelian factors is done
by hand and although the final result looks quite reasonable,
we are not making a controlled approximation to a well-
defined expression. For this reason we now turn to an alter-
native description of the MR state that will allow for a con-
sistent description of the quasielectron states in terms of the
operator [Eq. (35)].

The basic idea is to use an alternative representation of
the MR states which only utilizes scalar fields. This repre-
sentation is essentially the one used for the 331 Halperin
state'> which describes a two layer (or spin 1/2) state at
filling factor v=2. The crucial difference is that the wave
function is antisymmetrized, thus corresponding to only a
single layer (or, equivalently, a single spin polarization). The
close connection between the MR state and the 331 state was
originally pointed out by Ho>® and later developed by Cap-
pelli et al.>*

In terms of the two independent, chiral bosonic fields ¢(z)
and ¢(z), the electron and hole operators take the form

V(2) = cos(h(2))e""2#1),

H.(p) = eii¢(ﬂ)/2e(i/\5§)qo(z)’ (53)

where the “charge” field, ¢(z), is identical to the bosonic
field used in Eq. (44) while the Ising part is replaced by
exponentials of the “topological” field, ¢(z).>

There is an important distinction between the two scalar
fields in the way the neutrality condition for the correlators is
satisfied. For the charge field ¢(z) we shall put the usual
homogeneous background charge O,, [Eq. (10)] while there
is no such background charge for the topological field. Thus,
because of the U(1) topological charge neutrality in the ¢
field, the quasiholes must be inserted in pairs, H,H_, and one
can show that different orderings span the space of the quasi-
hole wave functions found in Ref. 39. It should be stressed
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that as long as only quasiholes are considered, the two rep-
resentations [Eqgs. (43) and (53)] give equivalent electronic
wave functions (corresponding to two different basis
choices) and it is purely a matter of taste which one to use.
However, in contrast to the quasihole operators in the
Ising representation, we can change the statistics of the op-
erators [Eq. (53)] at will by introducing two new fields, x;
and x,, and this will allow for a consistent definition of

quasielectrons using Eq. (46). For instance, by defining
H. = i®e,x(i2)¢ e—i\s“mxli(m))(z’ (54)

the holes have fermionic monodromies and their OPE’s are
given by

H. (2)H+(w) ~ (z=w),

H_()H,(w) ~ (z=w)’, (55)

where only the leading short distance behavior is indicated.
We could equally well have chosen a bosonic representation
of the quasiholes in which case the operators are given by

H. = I8, =i12)d,=iN(78)x %i(\312)x, (56)
and the OPE’s by
H.(2)H.(w) ~ (z—w)?,

H_(2)H, (w) ~ (z—w)°. (57)

Using these hole operators, the monodromies will be either
absent or just a sign, corresponding to bosons and fermions,
respectively (and in the latter case it is also important to
remember that the holes are not allowed to be at the same
point). In the Ising representation, on the other hand, the hole
wave functions have non-Abelian monodromies. Thus there
must be a corresponding non-Abelian Berry matrix in the
331 representation.

In the following, we will use the fermionic representation
of the quasiholes. Using Eq. (54), we can write two distinct
quasielectron operators P,

Po(7) = f Pwe(T2NSCEIG] ) (w),  (58)

where, as explained in Sec. III, the current does not act on
the background charge and the energy-momentum tensor in
the generalized normal ordering is defined as to give an over-
all partial derivative,

(H! V)gn(2) = aV.(2)
and
(Iﬂl ‘A/+)gn(z) = (Iﬂl ‘A/_)gn(Z) =0 (59)
with
Vo) = BB~ (12)$(2) ,iNBBIX1 ()= (i12)xa(2) (60)

Note that also the quasielectron operators have to be
inserted in pairs, for the neutrality condition to be fulfilled.
For two quasielectrons at positions 7, and 7,, WV,
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=(P.( ﬁl)P_(ﬁz)HZIV(zJ-)), we exactly reproduce the wave
function [Eq. (48)] we found using the Ising representation.
Note that choosing the reverse order of the P’s leads to the
same wave function because of an overall 7, symmetry.
Therefore, in the case of four quasielectrons there are only
three possibilities of arranging two H, and two H_, which
will be denoted by ‘I’f‘zg’?z)(m’”“), ‘PEZL’”3)(”2’”4), and
\IIE*Z?W(%W' Here, the functions are not labeled by the fu-
sion channel p=0,1 (Ref. 56) but by the different orderings
of the P,’s and P_’s. The notation is such that the first pa-
renthesis contains all positions of the P,’s while the second
one those of the P_’s. A straightforward calculation yields
(the Gaussian factors are suppressed)

(71, m)(m3m4) _ (12 T2 g+ M52+ g2 )/ 862
\[f4qe —;e 120t 2T 32yt 428 aaaﬁﬁ'y&&

X | (2= 28)(2y = 2 Y p)(r,0

X H (Zi—Zj)H (zi—2z)) (61)
i,j¢J1 .

and similarly for the other two orderings. As in the quasihole
case, these three functions are not independent and using the
identities given in Ref. 39 one can derive the following re-
lation:

(z1 —22)(z3 — 24) ¢(1,2)(3,4)

= (21— 23)(22 = 2 ¥ 3)0.0) — (21 — 20) (22— 23) Y1 4y 2.3)»
(62)

which shows that there are two independent four-
quasielectron states at fixed positions. Using the 331 repre-
sentation, computing the correlators for 2n quasielectron in-
sertions is trivial. The remaining problem lies in finding the
linearly independent functions and thus the degeneracy. For
2n quasielectrons there are %’% different orderings. How-
ever, using the Pfaffian identities derived in Ref. 39 we can
argue that only 2"~! of these are linearly independent. Thus,
we find that the multiquasielectron states behave in the same
way as the multiquasihole states, namely, there are 2"~! in-
dependent states for 2n quasiparticles at fixed positions.

Using the quasilocal operator [Eq. (35)], the quasielec-
trons in the MR state can be described in a way completely
analogous to the quasiholes, albeit with the statistics hidden
in the Berry matrix. Appropriate linear combinations of the
functions [Eq. (61)] should have manifest non-Abelian sta-
tistics. We want to stress again that there are no conceptually
new problems in the MR case, all difficulties encountered
were already present for the hierarchical states. In particular,
we believe that our construction can be generalized naturally
to other non-Abelian states.

During the completion of the paper, we received a pre-
print of another proposal for quasielectrons in the MR state>’
using Jack polynomials. Comparison of these different meth-
ods is work in progress. For Abelian quasiparticles both
should give equivalent wave functions. In Ref. 57, the Abe-
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lian quasielectron in the MR state is constructed in the same
way as the Jain quasielectron'! in the Laughlin states. On the
other hand, using the Abelian quasihole in Eq. (35) yields an
Abelian quasielectron that is also completely analogous to
the Jain quasielectron in the hierarchical states. Thus, it
seems very likely that both methods give the same quasielec-
tron wave function and preliminary analytical and numerical
results confirm this. There is no a priory reason to believe
this to be the case for non-Abelian quasielectrons. However,
preliminary results indicate that even in the non-Abelian case
the wave functions for a single-quasielectron-quasihole pair
are identical, though for several such pairs the two methods
give different wave functions.

VIII. SUMMARY AND OUTLOOK

The central result of this work is the construction of the
quasilocal operator P(7) that creates localized quasielectron
states when inserted into the relevant CFT correlators. Our
formalism closely parallels the well-established description
of quasiholes in terms of local operators H(7) and allows for
an explicit construction of many-quasielectron wave func-
tions for all states in the Abelian hierarchy that fall into the
class of quasielectron condensates. As a direct consequence
of this, we were able to prove that Jain’s composite fermion
wave functions can be written explicitly in hierarchical form,
i.e., as a condensate of quasielectrons of the parent state.
Although we have not been able to make any mathematically
rigorous statements about the statistics of the quasielectrons,
we proposed that the close analogy between correlators in-
volving local hole operators H(7) and quasilocal quasielec-
tron operators P(7), strongly suggests the statistics of the
latter, and might eventually allow for a bona fide analytic
calculation. Moreover, the form of the quasielectron operator
is sufficiently general to be applicable to non-Abelian states.
This led us to explicit candidate wave functions for localized
multiquasielectron excitations of the MR Pfaffian state.

The construction of P(7) also involved a couple of useful
technical developments. The first was the introduction of a
generalized normal ordering procedure that allowed us to
“fuse” inverse holes with electron operators at a general level
of the hierarchy. The other was an alternative way of han-
dling the neutralizing background charge which led to a
purely holomorphic CFT description of quantum Hall wave
functions.

The results reported here open a number of future direc-
tions. The perhaps most exciting is the possibility of forming
condensates of non-Abelian quasielectrons, which might give
rise to a hierarchy of genuinely non-Abelian states not sug-
gested previously. This would involve calculations along the
lines of Sec. VI but with the MR quasielectrons of Sec. VII.
We are presently investigating this problem. Other open
questions concern the construction of the operator P(7) in
finite geometries, how to treat quasihole condensates along
the lines of Sec. VI, and a better understanding of general
quasiparticle-quasihole states, in particular, in the MR case.
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APPENDIX A: THE BACKGROUND CHARGE

1. Hamiltonian approach to the background charge

This Appendix presents the Hamiltonian analysis of the
background charge, leading to the fully holomorphic formu-
lation promised in Sec. II B. The analysis is most conve-
niently carried out in real time. We thus start from a canoni-
cal two-dimensional massless boson defined on a circle of
with circumference L and later translate the results into the
Euclidian plane. The field operator is first expanded in nor-
mal modes as

@lx,1) = >, 2T (7). (A1)

The action §, =/ dxdtZM, where £ u 1s the Minkowski form
of the shifted Lagrangian given in Eq. (11) gives rise to the
Hamiltonian

2w n’ .
=— {mﬂtn + - @up_y + 2mpe T <Po(t)}
L4 4

(A2)

. L . . .
with the momenta m,=7>¢_, and the canonical commutation
relations,

(@ ] = iy - (A3)

Note that the background charge term translates into a com-
plex term in the Hamiltonian. The resulting theory is not
unitary, which in the original complex Euclidian formulation
is reflected in factors e~ (4 which amounts to an expo-
nential decay in the radial “time” direction.

We now concentrate on the zero mode {¢,,,} which
satisfies the Hamiltonian equations,

. 4
@o(t) = - ™o
i ,
o) == i P v (A4)

with the solution

(1) = o, — wpe O

(47/L)it

4 .
@o(t) = @ + ?”TOC- +impe (AS)

with 7, and ¢, being time independent. Note that in the
presence of the background charge, i.e., p# 0, the momen-
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tum 77, is no longer a constant of motion. Also, as expected,
the other modes are not affected by the background charge.

After going back to the complex plane using the transfor-
mation,

7= eZW(T—iX)/L’ (A6)
where 7=ir=(L/4)In 7z, the solution [Eq. (A5)] reads
©0(22) = @g. — i In 22+ iTPZZ. (A7)

We can now follow standard procedure® to address the
question of charge neutrality, which only affects the zero
mode. In the absence of the background charge, we define a
time-independent vacuum as an eigenstate of the operator
T,

| 8) = BIB). (A8)

Since a vertex operator V, has the zero mode part ¢/“#0 which
shifts the m, eigenvalue according to

") =|B+a),

the insertion of a number of vertex operators with charges a;
evolves an original state |B) to the state |3+2,a;) and finally
the orthogonality condition (B|B’)=8(B-pB’) implies the
charge conservation condition X;a;=0 for the correlator
(B[T1;V, | B) to be nonzero.

When the background charge in included, 7, is no longer
a constant of motion but the eigenvalue S is evolving in time
according to Eq. (A7),

(A9)

|B(z2)) = mpzz| B(0)). (A10)
This shifts the neutrality condition to
2 a;=mpZz=mpR’ = pA, (A1)

where A is the area of the circular droplet. This is precisely
the neutrality condition given in the main text.

We can now give the fully holomorphic formulation
promised in the text. With a slight misuse of notation, we
define the “holomorphic” field as

im 1
@(2) = Qo — imp. In 7+ —pZz +i2, —a,z",
2 n#0
~ mp_
®(2) = ¢(z) - % (A12)

where we included the full zero mode ¢, but only half of the
nonholomorphic term ~Zz. As usual, this means that
©(z,2)=¢(z) + @(Z) — @y, because of the double counting of
the zero mode. Finally, note that while ¢ is not strictly ho-
lomorphic, the shifted field @ is, and this is the field that
eventually enters in all correlators, as explained in the main
text.

2. Flux tube regularization of the background charge

The regularization of the background charge introduced in
Ref. 4 amounts to replacing the homogeneous background
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charge [Eq. (10)] by a regularized version O,,,, where the
total flux is distributed on K=kN fractional flux tubes of
strength 8¢p=" ¢py. We shall only treat the case of a v=1/m
Laughlin state, described by the vertex operators V(z;)
=¢"¢() byt the generalization to the other states considered
in this paper should be straightforward. For simplicity, we
consider the flux tubes to be at positions z; on a square
lattice, with lattice constant a,

]._.[ Vb(zn
= H e#(\%/kﬁP(Zﬁ):_
n

H e—l (a1 mZﬂT(’z)go(Z,,)

n

O —> Orbg
(A13)

In this formulation, all operators are primary fields of a CFT,
albeit with a different radius than the original CFT, namely,
R2=m—>R2:g. This allows for a rigorous definition of the
CFT correlators.

In Ref. 4 it was furthermore shown that in the limit of
vanishing lattice constant the correlators involving the V’s
are of the form

<H vi<zi>o,bg> ) | [

—mlk

i

(A14)

where f(z;) is a regular holomorphic function of {z;} and the
singular phase factor is given by e®@I=I1[(7-7,)/(z
-2z ]2, Taking a/ € — 0 and neglecting boundary terms, we
_)e—\z\2/4(2

, so in this limit we can recover
the QH wave function in the symmetric gauge up to a well
defined, albeit singular, gauge transformation.

Difficulties however occur when we try to calculate corr-
elators involving operators other than vertex operators. In the
construction of the quasielectron operator we encounter both
the current operator J(z)= ﬁcp(z) and the energy-
momentum tensor 7(z). Con51der1ng the OPE of the_ back-
ground charge with J(w), we find J(z)e "ReG)
~ k(z e ¢~ MM This is by no means surprising, as the
flux tubes carry fractional charge. Although this does not
cause a problem for the definition of the quasielectron opera-
tor as [H~'V,(z;)]=0, it is still preferable to make the back-
ground “invisible” by introducing a covariant derivative,

\m 1
iDp(z) =id@(z) - (A15)
k % 72—z
and redefining the charge current J(w)= &(p(w) En;

There is however an even more 1mportant reason to intro-
duce this derivative, namely, to make the action of T(z) well
defined. T(z) is not only used in the definition of P but is
also needed to construct the descendants of the electron op-
erators that are important for constructing realistic wave
functions. It is obvious from Eq. (A14) that introducing first
(or higher) descendants of the electron operators will yield
spurious pole singularities at the lattice points, which will
prevent us from taking the continuum limit. However, this
can be cured by using Eq. (A15) to redefine the energy-
momentum tensor
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1) — T00) = S {iDg(IT™-. (A16)

The redefinition amounts to replacing

Vj(Zj) - |:ﬁj + ﬂE

- Zj_ZJV(Zj) (A17)
in the definition of descendant operators such as Eq. (24).
The additional term precisely cancels the poles we encounter
by letting the derivative act on the background charge con-
tribution in Eq. (A14) and the continuum limit is well de-
fined. Note that in this limit, the derivatives do not act on the
Gaussian factors and the polynomial part of the wave func-
tions are purely holomorphic.

In Ref. 4 it was remarked that in the continuum, the rule
that the holomorphic derivatives only act on the polynomial
part of the wave functions could be implemented by the sub-
stitution

1
0 — 0+ —7 AlS
i 7O 4€2Z ( )

and it is instructive to see how this prescription emerges
from Eq. (A15) by the use of Eq. (A17). For simplicity we

consider a correlator with only one insertion of a descendant
operator [Eq. (A17)] and derive the large k limit as,

<H V(z)[& +
i#j

= s

]v<z,>o,bg> (A19)

—mlk

s

ZkﬁZj

1 Zlf({zi})n |Zi — il

(A20)

) - 1
_)eIZi<I>(z,-,z,-){0',j + 4(/)21}](({2:})@_(1/452)2 zi |2 (A21)

so we see that the prescription [Eq. (A18)] is correctly repro-
duced in the continuum limit. In deriving the limit, we used

. m 1 m_ 1 512 1 _
a2k S 7 2k VYEAS
(A22)

Z—Z

where the last equality follows since ka’=2mm{* and (_9%
=7 8(F).

In summary, we have presented a consistent way to cal-
culate correlators involving both vertex operators and inser-
tions of currents and the energy-momentum tensor within the

flux tube regularization of the background charge.
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APPENDIX B: THE TWO-QUASIELECTRON WAVE FUNCTION

Here we give the explicit form of the two-quasielectron wave function in the Laughlin state and also explain some subtleties

in the derivation. In the following, we consider two quasielectrons at position 7. =N * 7/2 in the fermionic representation P
i.e., we use the fermionic hole [Eq. (27)] in the operator [Eq. (22)],

N

‘I'qu = Pf( 77+)7)f( 7]—) H V(Zj) . (B 1)
Jj=1

Taking proper care to satisfy the charge neutrality condition (see Sec. IV B) and also carefully evaluating all possible operator
contractions, Eq. (B1) can now be evaluated to become a double sum, where the quasielectron at position 7, attaches to the
electron at z; and the other quasielectron attaches to the electron at z;,

\Pqu — 2 e—(1/4m€2)(|77+|2—277+zl-)e—(1/4m€2)(\77_\2—2‘77_21-) (Bz)

i#j

_;é{ dy dy| T H () # dyadys T H ) T Vi(z)
Z Zj k=1

i<j

i>j

i<j

with  P/(z)=de'"V)/ \m)ei@+ixm=1/mx(2)  The contribution
where both quasielectrons attach to the same electron van-
ishes. A detailed calculation can be found below. The sign in
the second equality depends on whether or not V(z;) must be
commuted through V(z;). After changing to the relative and
center of mass coordinates, z;;=z,~z; and Z,-j:%(zﬁzj), we
find

\IIqu = NZE (_ 1)i+j

i<j

% e_(uzmzz)(|/\7|2_zﬁz,-j) o—(1/8mE?)| 7 sinh( 7_7Zi{2>
4mdl

x<Pf<z,-)Pf<z,->1;[ <"’f>V(zk>>. (B3)

Up to an 7.-dependent normalization constant, this expres-
sion is identical to the corresponding wave function given in
Ref. 4. Choosing the bosonic instead of the fermionic repre-
sentation gives a very similar wave function, where

Sinh(ﬁﬁ)@f(z,-)Pf(zj)' ++) is replaced by

- 2 A= 2 5=
__ Z (- 1)l+]e—(1/4m€2)(‘77+‘ 27,2+ 1| —2n_zj)<Pf(Zi)pf(Zj)H

k

+ E (- 1)i+jg—<1/4mez)(m2—27z+z,-+772—27‘7z,-)<pf(zi)Pf(Zj)H (i’j)V(zk)1>
k

o 2 2 2)(5 - = i
- E (- 1)14-./6—(1/4;7162)(\%\ +n| )(e(l/me, N4z 7-2)) _ e(l/2m€2)(77+zj+7LZi)) < PAz) Pf(Zj)H(l’j)Vl (Zk)>
k

cosh(j;'éz)(Pb(Zi)Ph(Zj)' )

and P,(z)=de'®"De1@+5119x@)  These two wave functions
differ in their behavior when the two quasielectrons get near
to each other but the symmetry properties and the leading
exponential factor for large distances are the same. For fur-
ther discussion, see Refs. 4 and 37.

We now explain in some more detail how Eq. (B3) is
derived. The quasielectron operator acts, in principle, on all
fields with vorticity, in particular, also on other quasielec-
trons as well as on holes. While this is no problem for the
single-quasielectron wave function, there might be unwanted
contributions when several quasielectrons or holes are
present. We must thus calculate all possible contributions
explicitly and show that only contractions with the electron
operators survive. The argument is in fact rather simple.
Only (sufficiently) singular OPEs with the inverse hole will
have a nonvanishing contour integral. As the singularities in
the OPE depend on the charge, we find that the quasielectron
operator effectively only acts on charge one operators.

Consider a general charged operator ¢(z) with electric
charge a. Because d,J(w) has support at every charged op-
erator, inserting Py into a correlator that involves ¢ gives a
contribution

(PAm () )=a f dzwe’(““'”‘)z)("’z‘z””jg dy’T(y’)f]g dyH;' (y)(2)+ ) + -+ (B4)
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and only the term where P attaches to ¢ is written explic-
itly. The contour integral is only nonzero if the OPE of ¢
with I_r’{l yields a single pole: I-Ff'(y) P(z)~ (v
—z)‘lej? ¢:(z). This shows immediately that there is no
contribution of a quasielectron attaching to another quasi-
electron, as I-gl(y)qu(z)fv(y—z)l:l-@z:(z) is regular. The
same is valid if we try to attach to a modified electron op-
erator, R,(Z). However, it does not rule out the possibility
that a quasielectron can attach to a quasihole, as their OPE
yields a single pole. In this case it is the second contour
integral that vanishes as Iﬁl(y)Hf(z)~(y—z)‘]l, i.e., they

PHYSICAL REVIEW B 80, 165330 (2009)

combine to the identity operator. The second contour integral
amounts to taking the first descendant of the enclosed opera-
tor and the first descendant of the identity operator vanishes,
$dyT(y)1=0. Therefore, the quasielectron operator P, indeed
only attaches to electron operators and different quasielec-
tron operators cannot attach to the same electron. Note that if
we had used an anyonic P operator, the contour integrals in
these expressions would not have been well defined because
of the cut in H(9)H(€) ~ (- &)™, Note that all arguments in
this Appendix are equally valid if we had chosen the bosonic
representation instead.
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